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y r x v 1Z K Bochner lt^Yjd S.Bochner ^XvtK ([1-2]) ÆQK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 Finsler PS1> F YPS M <v|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I-Eyuq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!f|I&℄b T 1,0M <v Hodge-
Laplace o℄6%!=i3/A Chern-Finsler E[h"Uuq	7&℄b


























w r x v 3
Abstract
The term Bochner technique describes a method initiated by S.Bochner([1-
2]). Sixty years ago, Bochner used this method to prove that certain objects of
geometric interest(e.g.Killing vector fields, harmonic forms, harmonic spinor fields
,etc) on compact Riemannian manifolds under certain suitable condition of Ricci
curvature must be parallel or vanished identically. Today, the Bochner technique
becomes one of basic terminology for geometer and is widely used. More recently,
some great developments have been made in the theory of Laplace operator on
Finsler manifolds([34][24][11][14-16]). Associated to the Laplace operator on real
Finsler manifolds, Zhong T. D and Zhong C. P([10]) have studied the Bochner
technique and its applications on real Finsler manifolds. The purpose of this paper
is to study the Bochner technique on complex Finsler manifolds, give Weitzenböck
formulas of the differetial operator and the Laplace operators on complex Finsler
manifolds, and obtain vanishing theorems on complex Finsler manifolds.
This paper contains three chapters. In each chapter, the author studies the
Bochner technique from a different viewpoint and obtains some vanishing theorems
under different conditions. Let (M,F ) be a strongly pseudoconvex complex Finsler
manifold, where F is the given strongly pseudoconvex complex Finsler metric on a
complex manifold M ; M̃ = T 1,0M \ o(M) be the slit holomorphic tangent bundle,
where T 1,0M is the holomorphic tangent bundle of M , o(M) is the set of all zero
section of T 1,0M ; C∗ = C\{0} ; PTM = M̃/C∗ be the projectively tangent bundle.
In the first chapter, by using the Chern-Finsler connection and strongly pseudo-
convex complex Finsler metric, the Bochner technique on a Kähler-Finsler manifold
is studied. For a Kähler-Finsler manifold M , there exist a system of local coordi-
nates which is normalized at a point on M̃ , and normal frame field of (1, 0)-forms
of horizontal bundles on M̃ . Under the conditions of normal complex coordinate
and normal frame field of (1, 0)-forms of horizontal bundles, the horizontal Laplace
operator for differential forms over PTM is defined by the Chern-Finsler connection














Laplace operator on holomorphic vector bundles over PTM is also defined. More-
over, for the application of Bochner technique, we get the Bochner type vanishing
theorems when the (1, 1)-tortion τ of the Chern-Finsler connection is zero.
In the second chapter, based on the work of Siu([10]), the author generalizes the
∇̄ Bochner-Kodaira technique and ∂∂̄ Bochner-Kodaira technique on Kähler man-
ifolds to Kähler-Finsler manifolds, gets ∇̄H Bochner-Kodaira technique and ∂H∂̄H
Bochner-Kodaira technique on Kähler-Finsler manifolds, and proves the two tech-
niques are equivalent. Furthermore, by using the ∂H∂̄H Bochner-Kodaira technique,
a Bochner type vanishing theorem on Kähler-Finsler manifolds is proved.
Since most of geometrical objects on Finsler manifold generally live in the tan-
gent bundles. In order to get some results (e.g. comparison theory of Laplace opera-
tor, the Schwarz Lemma,etc) on complex Finsler manifolds analogous to the results
on Hermitian manifolds, we will define the Hodge-Laplace operator on the holo-
morphic tangent bundles T 1,0M in the third chapter. Under the local coordinates,
by using the Chern-Finsler connection and its curvature operator, the Weitzenböck
formulas of differetial operator and Hodge-Laplace operator are obtained. Further-
more, using the Bochner technique, the author obtains a Bochner type vanishing
theorem for vector fields on holomorphic tangent bundle.
Key word : complex Finsler manifold, Hodge-Laplace operator, Bochner technique,













h Finslerktog Bochnerin 5 Finsler H/y Bochner ) 1 M;ax Bochner (&TVX [ Bochner lY S.Bochner %<Vp 40 k^XvkJdGvtKRmv ([1],[2]) v	 K.Yano I S. Bochner[3]   H. Wu[4] G(IuLEvmR;.>I1)Æ0><Vp 60 kwvKP0[L><Vp
60 kwPv*Æw/!f,#$N% (H.Wu) _vRh [4]   Bochner lvOk'h*swypv>ÆQv BochnerlY
 RiemannPS<v ISRv}wzdv Laplaceo℄TdPuqG>t> ISRv//oev4zdNt>'!B"U.HÆ%"U\t}/-uq ISR*L`TÆ1tlvCPupH<v6l/u'xÆuY%6l:S/vBk<vAMG'sw#Il/Æ/i!f< ja Bochner vzt<(Q^d
Bochner lv*l/Æ Bochner vzt<9t%$	 Ricci "Uv-? Riemann PS M <b) I 1- SRYTv4 Ricci "UY|5v':d%Lv I 1- SRÆ/ Hodge < ({ [27],159 r` [28]  84r) M <v I 1- SR0w0Æ H1(M,R). sw<d<vzt=R4 M $	 Ricci "Uv Riemann PS' M 	 r vT; (i℄b) G r = dimH1(M,R). 1t<s5Sv H1(M,R) I Ricci "U9wvFO-\zv7-Æn M B Kähler PSL Bochner lquq7Æ I 2- SRv(< (uY [29][30][31] wvaK) %$	 g"Uv Kähler PS<b) (1,1) RM ISRYTv4g"UY|5v'1HSRY Mv Kähler SRvM%eÆ/ Hodge <Xi-R4 M |5g"Uv Kähler PS' H1,1(M) = 1.














ÆPS M <v Hermite ?Hb E → M vSÆ 1970 $N%
(H.Wu)I S.Kobayashi% Hermite?Hb< BochnerluqI< ([32])7 E →M PS M <v Hermite ?Hb4 E v Ricci .HY5v'
E vb)&℄iYTv4 E v Ricci .HY| v' E vb)&℄iMwÆLÆ7Æ1t<	t)F	mvX$| Ricci Cev Hermite9ba	Lv&℄iÆBv< j4S Yi7 L $	| RicciCev Hermite 9b' H0(M,O(L)) = 0. 
Æ	7 Hr(M,O(L)) = 0  r ≥ 1vO(Æ 1953  Kodaira   Bochner l;qI Kähler PS<#;Æ Hermite 9bv (p, q) SRvSÆP7%7 [21] GA~|_I9 ▽
Bochner Kodaira lÆ
 p = 0 vS Kodaira 1tluqI< (i Kodaira Bk< [19]) 7 M  n−  Kähler PS L  M <v| 
Hermite 9b'
 q < n  Hq(M,O(L)) = 0.n E  n  Kähler PS M <E r v Hermite ?HbLY-wt E \pKZnz|/Y v}R Hq(M,O(E)) = 0, q < n. yib) E ; (0, q)−  ISRYLÆ ϕ .t E ; (0, q)− SRW


















(ϕ, ϕ)ω.t ϕ Y Iv'f,vdY5vÆIoB^4 ϕ 6= 0 '*\&f,v'dCeP9"6f,Y5vÆQpv4x5+%zÆ>!IuPuxw	ptt; Vvts% {Ωξσ} <Æ%7 [21] GA~|_~v
Bochner lsw/T9Vke=yBSI1t4xÆWyikI

Laplace o℄I:v Weitzenböck .Rvu8A_at(Q Po℄ ∂∂̄ I
Kähler PS<SRvg


















h Finslerktog Bochnerin 7IB Kähler PSv5<ib)$	59bv Kähler PS-5q PNG% ([5]) a_ Bochner lKGkekJI Lie )4S<XGvtbT= ([28]). P7 Bochner lV;qPSwh Kähler PSwv I?G%
([4]) A~|v ∂∂̄ Bochner- Kodaira l Y I?<XGvt)LpvA~| ∂∂̄ Bochner- Kodaira l6lIB Kähler PSw I?vÆ&VI%V ([20]). ;uUzvY<Vp 60 kG Andreotti   Vesentini  
Morrey  Kohn   Hörmander w-*v/eG ∂̄− Mv L2 2m /ev~ Levi vi= ∂̄− v-ÆVv2m1)(Yo℄<Xm'IkJv Bochner-Kodaira l	[:	vE-P6I6kedvaKV ([33]).~ Finsler G.x Bochner (Æ BochnerlvQMY E.Hopffh;<wh Laplaceo℄vÆ6%t)_+vY7PS M Y Finsler PSL{  Bochner l;q Finsler PS<4-wvU Finsler PS<v Laplace o℄!BIb0w<vh Laplace o℄ Z: Laplace o℄ ℄K Laplace o℄wh4 Laplaceo℄ ((z9-Gs|v Hodge-Laplace o℄) IxPS<v Laplace o℄'%~X Finsler PS<v Bochner lL?tK Laplace o℄)K<uY-wuq<d Riemann PSI Hermite PS<tH~vBk<ÆK7M Finsler PSI Finsler PS<v Laplace o℄v#uI℄Lpv* ([34][24][11][14-16]). tfh-wGh;t; Laplace o℄YC%b0w ( b TM Finsler  b IM t?Hb E) <D!b0wvpHV`0TÆb0ww	xPSvtHVNt; Laplace o℄YC%xPS M <QpYxPS<vtHVÆbÆ Finsler PS< Laplaceo℄v<X Finsler PS<v Bochner lvih<q-wGh;zt;Yb0w<v Laplace o℄7iNt;YxPS<v Laplaceo℄7iÆ














Finsler PS<&℄?Hbv Laplace o℄wh Finsler PS<v Bochner liv-Ænhr,9Æ tK Laplace o℄v!=4SI Weitzenböck .RÆ1H.RRy46I Bochner lvÆS_9Æ:v Laplace o℄%kJIMG+#[fLpvCs	1t;.R(Al5$	Cz|Æ_(℄Æi Finsler PS<	7&℄?Hbv Laplace o℄v|h:7VF6uq*K	7 Laplace o℄v Weitzenböck .Rt<i*K
Bochner l% Finsler PS<v;ÆÆ Finsler PS<vkJ
h=:u8ÆxPS<vi3V Finsler PS<v3i3((:7Æ_
Æ
Finsler PSvS(Ab0w<v Laplace o℄v Weitzenböck .Ri Finsler PS<v Bochner lÆ(9-%zt-!fA| FinslerHI Chern-FinslerE[% Kähler-Finsler PS<+RI?b PTM <	7&℄?Hbvh Laplaceo℄v|Æ
Æ Kähler-Finsler PS M !f8r M̃ <d%<(Ti3-whhb<d%<(T (1, 0) R3vEÆ%<(Ti3-h<(T (1, 0) Rh3vE/A Chern-Finsler E[h"U+RI?b PTM <vh
Laplace o℄v4eR
i Weitzenböck .R (< 1.2.7). LV|I?b PTM <	7&℄?Hbvh Laplace o℄
 (1.3.12) R6uqI"h
Laplace o℄v$4eR
i Weitzenböck .R (< 1.3.1) Æh Bochner lvzt-eP% Chern-Finsler E[v (1, 1) RyULv}/uqI:v Bochner RBk< (< 1.4.1 wh< 1.4.2) ÆzÆ-%7 [21] GA~|_;.dI ∇̄Bochner-Kodaira lwh
∇Bochner-Kodaira l6~v Bochner-Kodaira lsw/T  KodairaBk<;q.zev&℄?Hb<Æyli7k
 Laplaceo℄I:v
Weitzenböck.Rvu8A_at(Q PIo℄ ∂∂ I KählerPS<SRvg
0Æ(-% Siu([21]) vbT<  Kähler PS<v ∇̄ Bochner-Kodairal ∇ Bochner-KodairalI ∂∂̄ Bochner-Kodairal;qI Kähler-FinslerPS<uqI Kähler-Finsler PS< ∇̃H Bochner-Kodaira l  ∇̃H Bochner-
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Kähler-Finsler <v Akizuki-Nakano Bk< (< 2.2.4). t<yA ∂H∂̄H
Bochner-Kodaira l6lI Kähler-Finsler PS<vBk< (< 2.3.3) ÆÆ Finsler PS<vkJ
h=:u8ÆxPS<vi3V FinslerPS<v3i3((:7ÆI{1uq Finsler PS<tH;mÆ Hermite PS<v
B4 Hermite PS< Laplace o℄v)< Schwarz  <wwÆ%z9-!f|I&℄b T 1,0M <v Hodge-Laplace o℄6%!=i3/A Chern-Finsler E[h"Uuq&℄b T 1,0M <	7 Hodge-Laplace o℄v













10 smfujuepuqlr{ Kähler-Finsler z Bochner ~  BochnerlYQK Bochner^XvkJdGvtK ([1],[2])1KQpYA Laplace o℄I E.Hopf vfh;<%i?HE`.HEPSv"Uwv7-auqPS<v4VFÆ Bochner l%kJdviGYtKF	vÆB4% Riemann PSI Kähler PSG
Bochner luqB5viI;.v ([3]-[5]) ÆKk7%RmvkJdrHFA_vXo/4M Finsler kJI Finsler kJ'v#uI℄Lpv* ([6]-[8]). Abate I Patrizio[8] %M Finsler PS<CI Cartan-
Finsler E[% Finsler PS<CI Chern-Finsler E[ÆbÆM Finsler PS<v Laplace o℄w:7<XHsIH[iIM Finsler PS<v Bochnerlh ([10 ]) Æ(-%<(Ti3-h<(T (1, 0) Rh3vE/A Chern-Finsler E[h"U+RI?b PTM <vh Laplace o℄v4eR
i Weitzenböck .RLVuqI?b PTM <	7&℄?Hb<vh Laplace o℄ÆePh Bochner lv% Chern-Finsler E[v (1, 1) RyULv}/uqI:v Bochner RBk<Æ
§1.1  Finsler G M  n PS T 1,0M  M v&℄b π : T 1,0M → M ~' T 1,0∗M 4SuvbÆ {z1, ..., zn} PS<t} p ∈M v!=i3-'?H v ∈ T 1,0p M -4S
v = vα
∂
∂zα1>?Iky!IG α = 1, · · · , n. !f8r T 1,0M Yt) 2n vPS!=i3Y {z1, · · · , zn, v1, · · · , vn}. _ T 1,0(T 1,0M) v!=3v




















h Finsler ktog Bochnerin 11n o : M → T 1,0M  T 1,0M vLiyi o(p)  T 1,0p M v}Æ M̃ =
T 1,0M/o(M)  T 1,0M S%uvLiÆ M̃ 	t)_+ π : M̃ → M i
π : T 1,0M → M % M̃ <v8DÆ:y T 1,0M̃ ∈ T 1,0(T 1,0M) 	_+
π̃ : T 1,0M̃ → M̃ uY~' π̃ : T 1,0(T 1,0M) → M̃ % T 1,0M̃ <v8DÆ{P 1.1.1[8] M vZ:b V |
V = V1,0 = ker dπ ⊂ T 1,0M̃.5+ π̃ : V → M̃ t n- v&℄?Hb!=3v {∂̇1, · · · , ∂̇n}. jp : T 1,0p M → T 1,0M !B?




ℓv = d(jπ(v))v ◦Kv : T 1,0π(v)M → Vv.{P 1.1.2[8] ?Z:?HE ℓ : M̃ → V |
ℓ(v) = ℓv(v). p1,0 : TC(T 1,0M) → T 1,0(T 1,0M) _+Æn d1,0 = p1,0 ◦ d  X (T 1,0M) T 1,0M vi0w XO(T 1,0M)  T 1,0M v&℄i0wÆ{P 1.1.3[8] M <vT9VE[Yt?
D̃ : X (T 1,0M) → X (T ∗
C
M ⊗ T 1,0M)Pu














: X (T 1,0M) → X (∧1,0M ⊗ T 1,0M), D̃′′ : X (T 1,0M) → X (∧0,1M ⊗ T 1,0M).{P 1.1.4[8]  D̃  M <vT9VE[7
















12 smfujuepuqlr'I D̃  M <v9VE[Æ{P 1.1.5[8]  J  TCM̃ <v0'hbY TCM̃ v℄b HC u\ J ://k:/
i HC = HC 
TCM̃ = HC + VC HC Y J :/v4 HC = H1,0 ⊕H0,1, G H1,0 = HC ∩ T 1,0(M̃);  HCY/k:/v' H0,1 = H1,0, qihb HC &uv (1, 0)- = H1,0 (/iyl H 4S H1,0.{P 1.1.6[8] h?Yt9Vb? Θ : VC → TCM̃ ,  TCM̃ v0 J h/k!o-W







V1,0. VC = V1,0 ⊕V0,1  V0,1 = V1,0 h Θ 0 J I/k!o-Wa	
Θ(V1,0) ⊂ T 1,0M̃ qi Θ &u% V1,0 <vh(Æ [8] 6lIhb 9VE[ hbYtt
vyi90-w:Q+R|vÆ{P 1.1.7[8] PS M <vTZ:E[YTZ:b VC <v9VE[yiYt9V? D : X (VC) → X (T ∗CM̃ ⊗ VC) 
s	 M̃ <v:SCe f I
V ∈ X (VC), \
D(fV ) = fDV + df ⊗ V|Ga	 q TCM̃ <v04|v;IÆ/
E[ D h9)tÆztt D I/k!o-Wi
.z V ∈ X (VC), D \
D(V̄ ) = DV (1.1.1)Æ VC = V1,0 ⊕ V0,1 I V0,1 = V1,0 4 D &u% X (V1,0) <vh(ÆzÆt D 8D% V1,0 <0 J -Wqi
.z V ∈ X (V1,0) \
D(JV ) = J ◦DV (1.1.2)ePt
Æ V1,0 v&℄i V , 1− SR DV I J -Wqi
.z
V ∈ XO(V1,0), 	
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′′G D′ : X (V1,0) → X (∧1,0M̃ ⊗V1,0), D′′ : X (V1,0) → X (∧0,1M̃ ⊗V1,0). ' (1.1.3)RwuÆ
D
′′
V = 0{P 1.1.8[8] Z:E[Y\ (1.1.1)− (1.1.3) vTZ:E[ D. 5y
D -\|% X (V1,0) <#;Æ X (T ∗
C
M̃ ⊗V1,0). *pL (1.1.1) RD -w5*q VC <Y9VvÆ%!=i3/
s	 V ∈ X (V1,0), Z:E[-4S
DV = [dV β + V αωβα] ⊗ ∂̇βG
ÆZnv-e Γ̃βα;µ I Γ̃βαγ  ωβα = Γ̃βα;µdzµ + Γ̃βαγdvγ. 
s	 X ∈ T 1,0M̃
∇XV = [X(V α) + ωαβ (X)V β ]∂̇α, ∇X V̄ = ∇X̄V
∇X̄V = X̄(V α)∂̇α, ∇X̄ V̄ = ∇XV . D Z:E[|b? ∧ : T 1,0M̃ → V 
∧(X) = ∇Xℓ%!=i3/






γY-}vÆn ((L−1)µν ) }"2' H v3v-4S
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